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The (static) energy-momentum tensor, angular momentum tensor and scaling ﬂux vector of micropolar elasticity are
derived within the framework of Noether’s theorem on variational principles. Certain balance (or broken conservation) laws
of broken translational, rotational and dilatational symmetries are found including inhomogeneities, elastic anisotropy,
body forces, body couples and dislocations and disclinations present. The non-conserved J-, L- andM-integrals of micropo-
lar elasticity are derived and discussed. We gave explicit formulae for the conﬁgurational forces, moments and work terms.
 2006 Elsevier Ltd. All rights reserved.
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Symmetries and conservation laws of micropolar elasticity are of important interest in mathematical phys-
ics, material science and engineering science. Jaric´ (1978, 1986) and Dai (1986) studied conservation laws in
micropolar elastostatics. Vukobrat (1989) obtained some conservation laws for micropolar elastodynamics.
The Noether theorem was applied by Pucci and Saccomandi (1990), Nikitin and Zubov (1998), Maugin
(1998), Lubarda and Markenscoﬀ (2003) to obtain conservation laws and the corresponding conserved cur-
rents for linear micropolar elasticity. For couple stress elasticity the Noether theorem was used by Lubarda
and Markenscoﬀ (2000). All these investigations were restricted to homogeneous, source-free and compatible
micropolar elasticity. The derived conservation laws correspond to variational invariance of the strain energy
with respect to translation and rotation symmetries. Therefore, the J- and L-integrals are conserved in such a
version of micropolar elasticity. On the other hand, the scaling symmetry is not a variational symmetry in
micropolar elasticity, thus, the M-integral is not conserved (see, e.g., Lubarda and Markenscoﬀ, 2003).0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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Eshelby stress tensor and the conﬁgurational forces caused by defects are known (Kluge, 1969a,b). The
Eshelby stress tensor corresponds to translation symmetry and it may be identiﬁed with the (static) energy-mo-
mentum tensor (EMT). But nothing is known in the literature for non-homogeneous micropolar elasticity with
body forces, body couples, dislocations and disclinations present.
It is the purpose of the present paper to extend the results of these earlier results on micropolar elasticity to
account for material non-homogeneity, anisotropy, defects, body forces and body couples. We will derive bal-
ance laws breaking the translation, rotation and scaling symmetries. The symmetry breaking terms are called
conﬁgurational forces, conﬁgurational moments and conﬁgurational work. In turn, we ﬁnd the expressions for
the Eshelby stress tensor, angular momentum tensor and scaling ﬂux in micropolar elasticity.
2. Basic equations of micropolar elasticity
In this section, we recall the basics of micropolar elasticity (Eringen, 1999). We consider the general case of
anisotropic linear micropolar elasticity theory for non-homogeneous and incompatible media with defects.
The strain energy for a micropolar material readsW ¼
Z
wdV ð2:1Þwith the energy densityw ¼ 1
2
Aijklcijckl þ Bijklcijjkl þ
1
2
Cijkljijjkl; ð2:2Þwhere cij denotes the elastic micropolar distortion tensor and jij is the elastic wryness tensor. These elastic
strain tensors are given in terms of a displacement vector ui and a microrotation /i. Additionally, the total
strains may be decomposed into elastic and plastic parts according tocTij ¼ ojui þ ijk/k ¼ cij þ cPij; ð2:3Þ
jTij ¼ oj/i ¼ jij þ jPij: ð2:4ÞHere cPij is the plastic distortion and j
P
ij is the plastic wryness. For simplicity, we have assumed a linear rela-
tionship but that is not at all necessary. The constitutive relations for full anisotropy read:tij ¼ owocij
¼ Aijklckl þ Bijkljkl; ð2:5Þ
mij ¼ owojij ¼ Bklijckl þ Cijkljkl; ð2:6Þwhere Aijkl, Bijkl and Cijkl are the elastic tensors of micropolar elasticity with the symmetriesAijkl ¼ Aklij; Cijkl ¼ Cklij: ð2:7Þ
Dimensionally, [Cijkl] = ‘[Bijkl] = ‘
2[Aijkl], where ‘ is a material length parameter. For the non-homogeneous
medium under consideration, they depend on position, Aijkl(x), Bijkl(x) and Cijkl(x). tij is the force stress tensor
and mij is the couple stress tensor. For an isotropic micropolar material the elastic tensors simplify toAijkl ¼ kdijdkl þ lðdikdjl þ dildjkÞ þ lcðdikdjl  dildjkÞ;
Cijkl ¼ adijdkl þ bðdikdjl þ dildjkÞ þ cðdikdjl  dildjkÞ; ð2:8Þ
Bijkl ¼ 0;where l is the shear modulus, k denotes the Lame´ constant, and lc, a, b and c are additional material constants
for micropolar elasticity.
The ﬁeld equations in presence of an external force fi and an external couple li are given by
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ojmij  ijktjk þ li ¼ 0: ð2:10ÞIn linear micropolar elasticity the incompatibility equations arejklðokcil þ ikmjmlÞ ¼ aij; ð2:11Þ
jklokjil ¼ Hij; ð2:12Þandjklðokc Pil þ ikmjPmlÞ ¼ aij; ð2:13Þ
jklokjPil ¼ Hij; ð2:14Þwhere aij andHij are the dislocation and disclination tensors, respectively. By diﬀerentiating we obtain the con-
servation laws for the dislocation and disclination tensors:ojaij  ijkHjk ¼ 0; ð2:15Þ
ojHij ¼ 0; ð2:16Þwhich mean that the disclination tensor is divergence free in the second index and the divergence of the dis-
location density tensor is determined by the skew-symmetric part of the disclination tensor. Equivalently,
upon multiplication of (2.11) and (2.12) with the Levi-Civita tensorokcij  ojcik þ ikljlj  ijljlk ¼ kjlail; ð2:17Þ
okjij  ojjik ¼ kjlHil: ð2:18Þ3. The Eshelby stress tensor and conﬁgurational forces in micropolar elasticity
Let us take an arbitrary inﬁnitesimal functional derivative dW of the elastic energy density. We follow the
procedure given by Kirchner (1999) in order to construct the energy-momentum tensor and the corresponding
conﬁgurational forces. From Eqs. (2.1), (2.2) and (2.7) we getdW ¼ 1
2
Z n
½dAijklcijckl þ 2Aijklcij½dckl þ 2½dBijklcijjkl þ 2Bijkl½dcijjkl
þ 2Bijklcij½djkl þ ½dCijkljijjkl þ 2Cijkljij½djkl
o
dV : ð3:1ÞWith the constitutive relations (2.5) and (2.6) there remainsdW ¼
Z
tij½dcij þ mij½djij þ
1
2
½dAijklcijckl þ ½dBijklcijjkl þ
1
2
½dCijkljijjkl
 
dV : ð3:2ÞHaving conﬁgurational forces in mind, we specify the functional derivative to be translational:d ¼ ðdxkÞok; ð3:3Þ
where (dxk) is an inﬁnitesimal shift in the xk-direction. On the left-hand side of Eq. (3.1) we writedW ¼
Z
dwdV ¼
Z
½okwðdxkÞdV ¼
Z
oi½wdikðdxkÞdV ð3:4Þwith the energy density (2.2). On the right-hand side of Eq. (3.1) we havedW ¼
Z n
tij½okcij  ojcik þ tijojcik þ mij½okjij  ojjik þ mijojjik
þ 1
2
cij½okAijmncmn þ cij½okBijmnjmn þ
1
2
jij½okCijmnjmn
o
ðdxkÞdV ; ð3:5Þ
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square brackets with the meaning of Eqs. (2.17) and (2.18). The third and sixth terms may be writtentij½ojcik ¼ oj½tijcik  ½ojtijcik ¼ oj½tijcik þ ficik; ð3:6Þ
mij½ojjik ¼ oj½mijjik  ½ojmijjik ¼ oj½mijjik  ijltjljik þ lijik: ð3:7ÞNow we add and subtract the term ikltijjlj in order to get the structure of the dislocation tensor (2.17). In addi-
tion we introduce and use the following tensorcij ¼ cij  ijk/k ¼ ojui  cPij: ð3:8Þ
The purpose is to obtain an Eshelby stress tensor which is divergenceless in the limit to source-free, compatible
and homogeneous micropolar elasticity. We obtain the expressionZ
kjltijail þ kjlmijHil  kjltjijPli þ ficik þ lijik þ
1
2
cij½okAijmncmn þ cij½okBijmnjmn þ
1
2
jij½okCijmnjmn
 
dV
¼
Z
oj½wdjk  tijcik  mijjikdV ¼ Jk: ð3:9ÞThe ﬁrst integral contains the terms breaking the translational symmetry called conﬁgurational forces. The
integrand of the second integral in Eq. (3.9) is the divergence of the canonical energy-momentum tensorPkj ¼ wdjk  tijcik  mijjik; ð3:10Þ
which we call the Eshelby stress tensor of micropolar elasticity. It is a generalization of the Eshelby stress ten-
sor (Eshelby, 1951, 1975) in elasticity. Eq. (3.10) is in agreement with the so-called Maxwell’s stress tensor of
Cosserat theory given by Kluge (1969a,b). The divergence of the EMT (3.10) can be integrated out with
Gauss, and we ﬁnd the J-integral for micropolar elasticityJk ¼
Z
Pkjnj dS: ð3:11ÞThe usual argument of forming a penny shaped volume across the surface between two media I and II givesJk ¼
Z
½P Ikj  P IIkjnj dS: ð3:12ÞHere P Ikj and P
II
kj are the energy-momentum tensors on the sides I and II of the interface, respectively. The ﬁrst
integral in Eq. (3.9) deﬁnes a sum of conﬁgurational force densities:F k ¼ kjltijail þ kjlmijHil  kjltjijPli þ ficik þ lijik þ f inhk ; ð3:13Þ
where the inhomogeneities force density is due to the gradient of the elastic tensors (see also Eshelby (1951),
Maugin (1993)):f inhk ¼
1
2
cij½okAijmncmn þ cij½okBijmnjmn þ
1
2
jij½okCijmnjmn: ð3:14ÞThe ﬁrst term in Eq. (3.13) is the conﬁgurational force density on a dislocation density ail in presence of a force
stress tij,kjltijail: ð3:15Þ
This expression is the same as the Peach–Koehler force density in elasticity (Peach and Koehler, 1950). The
second term is the conﬁgurational force density on a disclination density Hil in presence of a couple stress mij,kjlmijHil: ð3:16Þ
The third terms has a similar form as the Peach–Koehler force. It is a conﬁgurational force density on a plastic
wryness j Pli , caused by disclinations, in presence of the force stress tji,kjltjijPli: ð3:17Þ
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fourth term is the conﬁgurational force density on a body force fi in presence of the distortion cikficik: ð3:18Þ
It is similar in form as the Cherpanov force density (see, e.g., Cherepanov (1981), Eischen and Herrmann
(1987)). The ﬁfth term is the conﬁgurational force density on a body couple li in presence of an elastic wryness
jiklijik: ð3:19Þ
For homogeneous, source-free and compatible micropolar elasticity we recover the divergenceless Eshelby
stress tensor asPkj ¼ wdjk  tijokui  mijok/i; ojP kj ¼ 0: ð3:20Þ
This formula is in agreement with the Eshelby stress tensor given by Lubarda and Markenscoﬀ (2003). The
corresponding Eshelby stress tensor for ﬁnite theory of polar elasticity has been given by Maugin (1998)
and Nikitin and Zubov (1998).
4. The angular momentum tensor (AMT) and conﬁgurational moments in micropolar elasticity
Now, having the AMT in mind, we specify the functional derivative to be rotational:d ¼ ðdxkÞkjixjoi; ð4:1Þ
where (dxk) denotes the xk-direction of the axis of rotation. Using the same manipulations as in Section 3, we
ﬁnd:kjixjJ i ¼
Z
kjixjF i ¼
Z
kji½onðxjP inÞ  P ijdV ð4:2Þwith Eq. (3.13). Now we rewrite the partkjiP ij ¼ kjiðtljcli þ mljjliÞ: ð4:3Þ
When we subtract and add the terms kjitilcjl and kjimlijlj, and use the equilibrium equations (2.9) and (2.10),
and the decompositions of the strain tensors (2.3) and (2.4), we obtain the resultZ
kji xjF i þ fjui þ lj/i þ tilcPjl þ miljPjl þ tilcjl  tljcli þ miljjl  mljjli þ ilktlk/j
n o
dV
¼
Z
kjion½xjP in þ ujtin þ /jmin dV ¼ Lk: ð4:4ÞThe ﬁrst integral contains terms breaking the rotational symmetry which we call conﬁgurational moment den-
sities. The ﬁrst term is a conﬁgurational vector moment produced by the conﬁgurational forces Fj. The other
terms are intrinsic vector moments as a result of the manipulation during the calculation in order to obtain an
angular momentum tensor. The integrand of the second integral in Eq. (4.4) is the divergence of the canonical
AMTMkn ¼ kji½xjP in þ ujtin þ /jmin: ð4:5Þ
This is the incompatible generalization of the compatible result given by Pucci and Saccomandi (1990), Lu-
barda and Markenscoﬀ (2003). Eq. (4.5) consists of two parts: the ﬁrst one is the orbital AMT given in terms
of the EMT and the second one is the spin AMT given in terms of the force and couple stresses. Eq. (4.4) may
by transformed into a surface integralLk ¼
Z
Mkjnj dS: ð4:6ÞThe tensor Mki is related to a tensor of third rank as follows:
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2
kjiMjin: ð4:7ÞIt may be decomposed accordingMjin ¼ Ljin þ Sjin; ð4:8Þ
with the orbital angular momentum tensorLjin ¼ xjP in  xiP jn ð4:9Þ
and the spin angular momentum tensorSjin ¼ ujtin  uitjn þ /jmin  /imjn: ð4:10Þ
It is the canonical (or Noether) spin AMT. Furthermore, the spin part can be written as:Sjin ¼ uaðRjiÞabtbn þ /aðRjiÞabmbn; ð4:11Þ
with the inﬁnitesimal generator of the ﬁnite-dimensional irreducible representation of the rotation group for a
vector ﬁeld (spin-1 ﬁeld):ðRjiÞab ¼ dajdbi  dai dbj : ð4:12Þ
BecauseojMkj 6¼ 0; ð4:13Þ
the conﬁgurational moments break the rotational symmetry. Only for source-less (fi = 0, li = 0), isotropic,
compatible and homogeneous micropolar elasticity, the AMT is divergenceless. The isotropy condition is:kji½tilcjl  tljcli þ miljjl  mljjli þ ilktlk/j ¼ 0: ð4:14Þ
Eq. (4.14) has to be fulﬁlled by the isotropic constitutive relations (2.5), (2.6) and (2.8). It is the generalization
of the isotropy condition of elasticity (see, e.g., Eshelby (1975)).
5. The scaling ﬂux and conﬁgurational work in micropolar elasticity
Having the M-integral in mind, we specify the functional derivative to be dilatational:d ¼ xkok: ð5:1Þ
Using Eq. (3.9), we ﬁndxkJ k ¼
Z
xkF k ¼
Z
½ojðxkP kjÞ  PkkdV ð5:2ÞwithPkk ¼ oj n 2
2
uitij þ n
2
/imij
 
þ n 2
2
ðfiui  tijcPijÞ þ
n
2
ðli/i  mijjPijÞ  mijjij ð5:3Þand dkk = n. Thus, n = 3 for three dimensions and n = 2 for two dimensions. The M-integral generalized for
micropolar elasticity of an anisotropic, non-homogeneous medium with body forces isZ
xkF k þ n 2
2
fiui þ n
2
li/i 
n 2
2
tijcPij 
n
2
mijjPij  mijjij
 
dV
¼
Z
oj xkP kj  n 2
2
uktkj  n
2
/kmkj
 
dV ¼ M : ð5:4ÞIt can be seen that the terms appearing in the ﬁrst integral in Eq. (5.4) break the dilatation (or scaling) invari-
ance. The ﬁrst term is built from the conﬁgurational forces by multiplication with xk. The other terms are
called intrinsic scalar moments. The integrand of the second integral in Eq. (5.4) is the divergence of the dila-
tation (or scaling) vector
M. Lazar, H.O.K. Kirchner / International Journal of Solids and Structures 44 (2007) 4613–4620 4619Y j ¼ xkP kj  n 2
2
uktkj  n
2
/kmkj
 
: ð5:5ÞEq. (5.5) is the incompatible generalization of the compatible result given by Lubarda and Markenscoﬀ (2003).
The term (n  2)/2 is the scale (or canonical) dimension of the displacement vector uk and n/2 is the scale
(or canonical) dimension of the axial vector ﬁeld /k. The ﬁrst term in Eq. (5.5) is the orbital piece and the the
other two terms are the intrinsic parts of the dilation vector.
Eq. (5.5) can by transformed into a surface integralM ¼
Z
Y jnj dS: ð5:6ÞIn general, the dilatation current is not divergencelessojY j 6¼ 0: ð5:7Þ
Therefore, in this case the scaling symmetry is broken. Even in the compatible, homogeneous and source-free
case the scaling symmetry is broken; namelyM ¼ 
Z
mijjij dV : ð5:8ÞThe reason is that ﬁeld theories like gradient elasticity, micropolar elasticity and micromorphic elasticity are
theories with internal length scales. Because the material tensors have diﬀerent dimensions, such constants
with the dimension of length appearing in the Lagrangian (strain energy density) violate the dilatational (scal-
ing) invariance.
6. Conclusion
In this paper, we have derived broken conservation laws of micropolar elasticity by using the framework of
the Noether theorem on invariant variational principles. Earlier results obtained by Kluge (1969a,b), Pucci
and Saccomandi (1990), Lubarda and Markenscoﬀ (2003) have been extended to account for material non-ho-
mogeneity, anisotropy, defects (dislocations, disclinations), body forces and body couples. We calculated the
Eshelby stress tensor, angular momentum tensor and scaling ﬂux vector, which are not divergenceless, for such
an extended micropolar theory. Additionally, we have given the J-, L- and M-integrals for this extension. The
terms breaking the translational, rotational and scaling invariance are called conﬁgurational forces, moments
and works, respectively.
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